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Abstract: A subset M € V (QG) of a graph G(V,E) is referred to be a monopoly set of G if each vertex v € V — M has at least
one neighbor in M. The smallest cardinality of a monopoly set among all monopoly sets in G is its monopoly
size, or mo(G). In this study, we determine the minimal monopoly energies of various typical graphs and introduce
the minimum monopoly energy, or EM(G), of a graph G. We define upper and lower limits for EM(G).
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1. Introduction

The term "graph G(V,E)" in this work refers to a simple graph, which is nonempty, finite, and devoid of loops, multiple edges,
and directed edges. Let n and m represent G's vertex and edge counts, respectively. The number of vertices next to a vertex v
in a graph G is its degree, which is represented by d(v). The set N(v) = {u € V : uv € E(G)} is the open neighborhood of any
vertex v in a graph G. The degree of a vertex v € V (G) with regard to a subset S is dS(v) = [N(v) N S| for a subset S € V (G).
The Harary book is consulted for graph theoretic nomenclature [9]. The monopoly size of a graph G, represented as mo(G),
is a minimal cardinality of a monopoly set in G. A subset M € G is referred to be a monopoly set if each vertex v e V -M
has at least a neighbor in M. Specifically, monopolies are dynamic monopolies (dynamos) that, under an irreversible majority
conversion procedure, will turn the whole graph black in the subsequent time step if it is colored black in a given time step.
Peleg was the first to introduce dynamicos [15]. We consult [4-6, 13] for further information on dynamos in graphs. The
author of [10] developed a monopoly set of a graph G, shown that every graph G admits a monopoly with at most ) vertices,
and proved that the mo(G) for a generic graph is at least. He also examined the connection between matchings and monopolies.
I. Gutman [7] first proposed the idea of graph energy in 1978. Let A(G) = (aij) be the adjacency matrix of a graph G, which
has n vertices and m edges. The eigenvalues of the graph G are the eigenvalues A1, A2,...,An of a matrix A(G), considered to
be in nonincreasing order. The spectrum of G is the multiset of eigenvalues of A(G), expressed as follows: Let A1,A2,....At for
t <n be the distinct eigenvalues of G with multiplicity m1,m2,...,mt, respectively.

T M. A

Spec(G) =1 .
UL mmy... my

As A is real symmetric, the eigenvalues of G are real with sum equal to zero. The energy E(G) of G is defined to be the
n

sum of the absolute values of the eigenvalues of G, i.e. E(G) = X|4. For more details on the mathematical aspects of
i=1
the theory of graph energy we refer to [2, 8, 12]. Recently C. Adiga et al. [1] defined the minimum covering energy, Ec(G)

of a graph which depends on its particular minimum cover C. Motivated by this paper, we introduce minimum monopoly

energy, denoted by Ey(G), of a graph G, and computed minimum monopoly energies of some standard graphs. Upper and
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lower bounds for Ea(G) are established. It is possible that the minimum monopoly energy that we are considering in this

paper may be have some applications in chemistry as well as in other areas.

2. The Minimum Monopoly Energy of Graphs

Let G be a graph of order n with vertex set V= {vi,v,,...,v,} and edge set £. any monopoly set M in a graph G with minimum
cardinality is called a minimum monopoly set. Let M be a minimum monopoly set of G. The minimum monopoly matrix of
G is the n x n matrix, denoted Ay(G) = (a;;), where
[ 1, if vy € E.
L]
aij = 1, ifi=j and v;€ M,
l 0, othewise.

The characteristic polynomial of A)(G), denoted by £,(G, 1), is defined as f,(G,4) = det(Al — Ax(G)). The monopoly eigenvalues
of G are the eigenvalues of Ay(G). Since 4y(G) is real and symmetric, its eigenvalues are real numbers and we label them in

Exv(G) = |\
i=1 .

non-increasing order 1, > ;> ... > A,. The minimum monopoly energy of G is defined as

We first compute the minimum monopoly energy of a graph G in Fig. 1, to illustrious this concept
U4 U1

Figure 1. Agraph G

Example 2.1. Let G be a graph in Figure 1, with vertices vi,v2,v3,v4 and let its minimum monopoly set be M= {vi,v3}.

Then minimum monopoly matrix of G is

71010
Aw(G) =10 00

F11117]

C C

\ \
1010

The characteristic polynomial of Aun(G) is f,(G,A) = 2*— 203 — 4)%. Then the minimum monopoly eigenvalues are 1, =3.2361,
Ar=A3=0, l4=—1.2361. Therefore, the minimum monopoly energy of G is Exn(G) = 4.4722. If we take another minimum

monopoly set in G, namely M= {vi,v4}, then

1111
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L L
71010
An(G) = I L

F11017

C C

r r
1011

The characteristic polynomial of Ayn(G) is f(G,A) = 24— 22> — 44> + A + 1. The minimum monopoly eigenvalues are =

3.1401, 2,=0.57117, A3=—0.43783, J4=—1.2735. Therefore, the minimum monopoly energy of G is Exn(G) = 5.4226.

The examples above illustrate that the minimum monopoly energy of a graph G depends on the choice of the minimum

monopoly set. i.e. the minimum monopoly energy is not a graph invariant.

3. Some Properties of Minimum Monopoly Energy of Graphs

In this section, we introduce some properties of characteristic polynomials of minimum monopoly matrix of a graph G and

some properties of minimum monopoly eigenvalues.

Theorem 3.1. Let G be a graph of order n, size m and monopoly size mo(G). Let f,(G,1) = col"+c1A" e " >+.. . +c, be the

characteristic polynomial of minimum monopoly matrix of G. Then

1. co=1.
2. ¢1=—mo(G).
I mo(G)
3. =1L I =m.
L L
2
Proof.

1. From the definition of /,(G,1).

2. Since the sum of diagonal elements of 4)(G) is equal to |M| = mo(G), where M is a minimum monopoly set in G. The
sum of determinants of all 1x1 principal submatrices of 4u(G) is the trace of Ay(G) , which evidently is equal to mo(G).

Thus, (—1)'c1 = mo(G).

3. (-1)%c2is equal to the sum of determinants of all 2 x 2 principal submatrices of A(G) , that is
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@i g

a= Y

1<i<j<n | Gji Qjj

= > (awas; — aijag)

1<i<j<n
— . 2
= AiiQjj — a.,,j
1<i<j<n 1<i<j<n
mo(G)
= — m.
2

O
Theorem 3.2. Let A, Aa,...,A, be the eigenvalues of Am(G). Then
n
(i) X4i=mo(G).
i
n
(ii) XA2;=mo(G) + 2m.
i
Proof.
(i) Since the sum of the eigenvalues of Ay(G) is the trace of Ay(G), it follows that
n nXX
Ai= aii= M| = mo(G) i=1
i=1
(i) Similarly the sum of squares of the eigenvalues of 4)/(G) is the trace of (4,(G))*. Then
n n o n
X2XX
A= aijaji
i=1 i=1 j=1
n n
= Xa2ii + Xaijaji
i=1 i6=jn
n
= Xa2ii + 2Xa2ij
i=1 i<j
=mo(G) +2m.
O

Theorem 3.3. Let G be a graph of order n and size m and let 2,/(G) be the largest eigenvalue of Au(G). Then

2m + mo(G)
n

A(G) =
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Proof. Let G be a graph of order n and let 4; be the largest minimum monopoly eigenvalue of 4y(G). Then from
{ XtAX }
A1 = max ~iv . .. . .
[2] we have x#0 | X*X ] where X is any nonzero vector and X'is its transpose and 4 is a matrix . If we tack
N
1
Il
U1 L Al 2 JtA:;\ger)J _ 2m+:.7,n(G)
X=J=1010]. 1n. Then we have . O
U.o
a0
N
1

Theorem 3.4. Let G be a graph with a minimum monopoly set M. If the minimum monopoly energy Ex(G) of G is a rational

number, then Ex(G) = mo(G) (mod2).

Proof. Let A1,45,...,4, be the minimum monopoly eigenvalues of G of which 41,4,,...,4,are positive and the rest are non-positive,

then

Wil =i+ dot o+ 4) = (et T+ +4)
i=1

= 2(ﬂl+ﬂ.z+ +Zr) — (ﬂl+ﬂ.2+ +ﬂn).

Hence, By Theorem 3.2 we have Ex(G) =2(A1 + 22+ ... + 4) — mo(G). Since 44,4s,..., 4 are algebraic integers, so is their sum.

Therefore, (41 + A2+ ... + 4,) must be integer if £1(G) is rational. Hence, the Theorem. O

4. Minimum Monopoly Energy of Some Standard Graphs

In this section, we investigate the exact values of the minimum monopoly energy of some standard graphs. Theorem
4.1. For the complete graph K,, n > 2, the minimum monopoly energy is

n=1 4 /a2 _
7 tvnt—l , if nis odd; if

E;’\[(}\'—n) - .
N =
n is even.
Proof. Let K, be the complete graph with vertex set V= {vi,v2,*** ,v,}. Then the minimum monopoly size is
n—1 ¢
. n 5 i
K'n, =|l—] = ! .
mo(Kn) = | =] is odd;
2 n
L 2 if n is even.
Hence, the minimum monopoly set cither!” P, Y
} if nis odd ortV1: 02,7+ vz Fif 72 g even Then, we consider

the following two cases:

Case 1: If n is odd,

22



International Journal of Mathematical Applications and Solutions

Au(Ky) =

The respective characteristic polynomial is

11
1l

0 e B B B e I

101 -
110

1177

LOr.

nxn
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-1 =1 ---
-1 -1
A-1 -1 —1
A -1
-1 A
-1 -1
-1 -1

The minimum monopoly spectrum of K, will be written as

(n—1)4+4/n2-1 (n—-1)—4/n2-1
0 -1 Y

MM Spec(K,) =

fr(Kn, A)

nxmn

AT AL DT - (n— 1A — —“;1)

n—3 n—1
2 2

1

2

1

Hence, the minimum monopoly energy of a complete graph in this case is

Case 2: If n is even,

E‘U(I\rn) -

n—1

2

+

n? —1
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o111 10
L
M
111
nxn
The respective characteristic polynomial is
A=1 -1 =1 -+ =1 —1 --- -1 —1
1 A=1 —1 - —1 —1 - -1 -1
-1 -1 A—=1-- =1 —1 - =1 —1
faKn,A)=| =1 =1 =1 v A=1 —1 -~ =1 —1
—1 —1 —1 -1 A -1 -1
-1 -1 —1 -1 -1 A -1
—1 -1 —1 -1 -1 -1 A

nXn

n_2 n_2 9 mn
=AZ (A+1)77 (A 7(‘.'1,71)/\75).

The minimum monopoly spectrum of K, is

0 -1 (obLHVRIH (noD-yn?4
MM Spec(K,) = ’ ’

a2 1

Hence, the minimum monopoly energy of a complete graph in this case isZM (Kn) = 252 + vn? + 1. O
N

Theorem 4.2. For the complete bipartite graph K., for r < s, the minimum monopoly energy is equal to (r—1)+ 4rs + 1.

Proof. For the complete bipartite graph K., for » < s with vertex set V' = {vi,v2,* ,v,vi,v2,**,vs}. The minimum monopoly
setis M = {vi,va," " ,v:}.

Then
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Mmot1o---

03001 -

.
\
L

1000

AM(Krs)=1 "1

The characteristic polynomial of 4y(K) is

0111 -
=
L

OJ111 -

-

J1r1t--

M

O

[l

or11--
ort1u1--

o111--

1117

1000 -

1000 -
1000 -

1000 -
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: - =
L — L
- C

Ll

-
oy

< = mle o
_ Egpgjop

S
[

(r+s)x(r+s)
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fn(Krs, A) =

and

0 0
A—1 0
0 A—1
0 0
-1
-1
~1
—1
-1
-1
-1

0 —1 -1
0 —1 -1
0 -1 -1 —1
A—1 —1 —1
I A 0 0
1 0 A 0
1 0 0 A
1 0 0 0

== 1) (2= 2 ).

MM Spec(K,s) =

\/

Hence, Eu(K,)=(r—1)+ 4rs + 1.

Theorem 4.3. For a star graph K ,-1, n > 2, the minimum monopoly energy is equal to

Proof.

monopoly set of k1 ,-11s M = {v}. Then

Au(Kip1)= 1100

-1 14+/Ars++1 1—+/drs+1
2 2

r—1 s—1

.
111

O

Mnr1oo0

-

L

0

Vol 1, Issue 1 2025

(r+s)x(r+s)

N
4n — 3.

Let K ,-1 be a star graph with vertex set V= {w,vi,v2,"** ,v,}, Where v is the center vertex. The minimum
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L
L s
O
C Il
- 0
\
nxn
The characteristic polynomial of Au(Ki »-1) is
A—1 —1 —1 —1
-1 X 0 0
fn. (}{-?l ,m,)a /\) - -1 0 A 0
-1 0 0 A

=122 =2~ (n—1)).

and

0 lbvIn=3 1-yIn=3
MM Spec(Kin—1) = ? ?
n—2 1 1
\
Therefore, the minimum monopoly energy of a star graph is Ex(Ki,,-1) = 4n —3.

O

Definition 4.4. The double star graph S, is the graph constructed from union K, ,-1 and K1 .-1 by join whose centers vo with

uo. Then V (Sum) =V (Kin-1) UV (Kim-1) = {Vo,V1,..., Va1, U0, UL,..., Um-1 } and edge set E(S, ) =
{vouo,voviuou| 1 <i<n—11<j<m—1}.

Vi n—

Figure2:  Double Star Graph S,

—
Theorem 4.5. For the double star graph S;;, with t > 3, the minimum monopoly energy is equal to 2( ¢t — 1 +

f).
Proof.

For the double star graph S;, with V= {vo,vi,...,vi— Lug,ui,...,u;— 1} the minimum monopoly set is M =

.....

{vo,uo}. Then

28



International Journal of Mathematical Applications and Solutions
Vol 1, Issue 1 2025

[ N
111 0
2100 7
L 0 JU
[ N
110 -
L
000 L
J
0 Iy
Co. o9
L L1
L (11
r100-- .
AM(St6) = 000 01
C 1100
; 7000 v -
. 010 L
| .
J
.. 7
J. 0
-
\
2¢x2t
The characteristic polynomial of 4u(S;/) is
A—-1 -1 -1 -1 -1 0 0
-1 A 0 0 0 0 0
-1 0 0 A 0 0 0
fﬂ.(Si“f): /\) =
-1 o o0 -+ 0 A—=1 -1 -+ —1
0 o o0 - 0 —1 Ao 0
0 0 0 0 —1 0 A

2t %2t

=242 (1= )2 = 20— (¢ — 1)),

Then the minimum monopoly spectrum of S;;is

0 Vi—1 —Vi—1 1+t 1—V%
2%—4 1 1 1 1

MM Spec(Sit) =

Hence, the minimum monopoly energy of S;;is

VN
E(S)=2(t—1+ 0.
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O

Definition 4.6. The crown graph S,° for an integer n >3 is the graph with vertex set {uy,u,...,un,V1,v2,...,va} and edge set {uv;

: 1<ij<n, i =6}. Therefore S,° coincides with the complete bipartite graph K, with the horizontal edges removed.

v y

isequalto 5S(n—1)+ 4n
Theorem 4.7. For n > 3, the minimum monopoly energy of the crown graph S, 2-8n+5.
Proof. For the crown graph S,° with vertex set V' = {u1,us,...,un,V1,V2,...,Vu}, the subset M = {uy,up,...,u,} is a

minimum monopoly set in S,°. Then

C 7
L 1
L 0011--01 1,
010 m
. L
- LI
.. "
C .j
1. U
L 00
C 000 -
AM( = U
(Sn0) 1111 - O#u
DOI 1---
C 1000 - Lo
[
[ 1000:-- ]
L J101-- 0]
C 1000 - N
[ 1110 .00o
|: .
L
‘ \
- N
. 0
C
-
I111--- 0000
2nx2n

The Characteristic polynomial of 4,(S,°) is
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A1 0 0 - 00 —1 -1 - —1 -1
0 A-—1 0 0o -1 0 -1 —1
0 0 X—-1--- 0 —-1-1 0 --- —1 -1 0
. 0 0 0 -+ A—1—-1 -1 —1 -+ 0
fn-(Sw: )\) =
0 -1 -~ =1 X 0 0 --- 0 -1
-1 0 -1 -~ =1 0 X 0 -+ 0
—(J2_ 7 _1y12_ 9 —
1 cee =10 0 A oD = -A-DT @A -4
(n = 1)).
-1 -1 - 0 0o 0 0 - A
Then, the minimum 2nx2n monopoly spectrum of
S.is
1-vE  14+vE 1-4n2—8n+5 1++/4n?—8n+5
MM Spec(Sp) = 2 ? ? 2
n—1 n-—1 1 1
v
Therefore, the minimum monopoly energy of S,°is Ex(S,°2—8n+5.)=(n—1)5+4n m
5. Bounds on Minimum Monopoly Energy of Graphs
Theorem 5.1. Let G be a connected graph of order n and size m. Then
p—m—— | —
2m + mo(G) < Eu(G) < n(2m + mo(G))
Proof.  Consider the Cauchy-Schwartiz inequality
n 2 n n
i=1 i=1 i=1 .
By choose a;= 1 and b;= |/} and by Theorem 3.2, we get
mn 2 " "
(Ex(@))? = (Z |/\1|) < (Z 1) (Z /\f) < n(2m+ mo(@))
i=1 i=1 i=1 .
n 2 kL
(Z |A.,_) >y N
Therefore, the upper bound is hold. Now, since \i=1 i=1 , it follows by Theorem 3.2 that (Ex(G))*> 2m +
mo(G). Therefore, the lower bound is hold. O

Theorem 5.2. For a connected graph G of order n and size m.

— v
n+1<Eu(G)<nn.
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Proof. Since for any graph” 10(G) < § (see [10 1), it follows that by using Theorem 5.1 and well-known result 2m < n?>—n, we

have
Ep(G) < v/ (2m+mo(G)) <4 /n [(n? —n)+ %] < ny/n.

For the lower bound, Since for any connected graph n < 2m and mo(G) > 1 (see [14]), it follows by Theorem 5.1 that

Vp
E(G)> 2m+mo(G)> n+1.
O

Similar to Koolen and Moultons [11], upper bound for Ex(G) is given in the following theorem.
Theorem 5.3. Let G be a graph of order n and size m. Then

Em(G) < —2’” + mo(G) \/(n —1) |2m + mo(q) — (2t me(G) *:“’(G) )2
Proof.  Consider the Cauchy-Schwartiz inequality

n 2 n n
(Z a,,b.,,) <O ahOonh
i=1 i=1 i=1 .
By choose a;= 1 and b;= |1, we have
n 2 n n
=2 i=2 =2 .
Hence, by Theorem 3.2 we have
(Ear(@) = |M])? < (n = 1)(2m + mo(G) — AY),
Therefore,
Exn(G) < M+ \/(n — 1)(2m + mo(G) — A?)
From Theorem 3.3 we have' = s
Since f{x) = x +P(n — 1)(2m + mo(G) — x°) is a decreasing function, we have
fon) < pEmEmell),
Thus,
B (G) < () < f(2mEmeAG)

Therefore,

Em(G) < 2’”*%:“"(() + \/(n —1) [Qm +mo(G) — (M)Q

O

Theorem 5.4. Let G be a connected graph of order n and size m. If D = det(Am(G)), then
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J
1

EM(G)>  2m+mo(G)=n(n— 1)D*"

Since
n n n n
(Ex(G))*= IA)* = CRDCWL) = XAl + 25414
=1 i=1 i=1 i=1 i<j

Using the inequality between the arithmetic and geometric means, we get

! 1/[n(n—1)]
— i[> N
" =) ; Il = (LT vl

i#] .

Hence, by this and Theorem 3.2 we get

n
(EM(G))2 > X|2i|2 + n(n — D(Y 24 1/ n(n—1)]
=1 i6=jn
> X2 + n(n — D(Y2(m- 1)1 [n(n—1)]
=l i=jin
= X2 + n(n — DY Ai]2/n
i=1 i=j

=2m + mo(G) + n(n — 1)D*".
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