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1. Introduction 

The Jacobi polynomials of several variables ) of Shrivastava [4] are defined by 

 

 

 1 : 1 ; ··· ; 1 −n : 1 + α1 + β1 + n ; ··· ; 1 + αr + βr + n ; 

 × F  ,

 , (1) 

 0 : 1 ; ··· ; 1  − : α1 + 1 ; ··· ; αr + 1 ; 2 2  

where (a)n is the Pochhammer symbol defined as : 

 

 Γ(a + n)  1, if n = 0 

 (a)n =  = (2) 

 Γ(a)  a(a + 1)(a + 2)...(a + n − 1), if n = 1,2,.... 

 p : q1; ... ;qn 

and F [x1,...,xn] is the multivariable extension of the Kamp´e de F´eriet function (see Srivastava and l : m1; ... ;mn 

Manocha [7]): 

 

(ap) : (b(1)q1 ) ;...; 

(b(qnn)); 
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 p : q1; ... ;qn  

 F , (3) 

); 

 

 

 

where 

 . (4) 

and, for convergence of the multiple hypergeometric series in (3) 

1 + l + mk − p − qk ≥ 0, k = 1,··· ,n; 

the equality holds when, in addition, either 

 p > l and 1; 

or 

p ≤ l and max{|x1 | ,··· , |xn |} < 1. 

The Laguerre polynomials of several variables Ln(α1 ,···,αr) (x1,··· , xr) of Khan and Shukla [3] are defined by 

 ] (5) 

where Ψ  is the confluent hypergeometric function of r-variables [7] 

  (6) 

The Appell’s double hypergeometric function F2 [7] is defined by 

  (7) 

The Humbert’s double hypergeometric function Ψ1 [7] is defined by 

  (8) 

The triple hypergeometric functions 3Φ(1)A and 3Φ(2)A of Jain [2] are defined by 

  (9) 

  (10) 

2. Double Generating Functions 

In this section, we have proved the following double generating functions: 
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 1 : 1 ; ··· ; 1 λ : 1 + α1 + β1 ; ··· ; 1 + αr + βr ; 1 + γ1 + δ1 ; ··· ; 1 + γs + δs ; 

 = F  

0 : 1 ; ··· ; :  1 + 1 ··· αr + 1

 γ1 + 1 ; ··· ; γs + 1 ; 

 ,

 (11) 

Ahmed Ali Atash 

 

 ; 1 + α1, ··· , 1 + αr, 1 + β1, ··· , 1 + βs; −x1t, ··· ,−xrt, y1t, ··· ,yst] (12) 

and 

 

 

1 : 1 ; ··· ; 1 ; 0 ; ··· ; 0 λ : 1 + α1 + β1 ; ··· ; 1 + αr + βr ; − ; ··· ; − ; 

 = F  

 

 0 : 1 ; ··· ; 1 ; 1 ; ··· ; 1 − : α1 + 1 ; ··· ; αr + 1 ; γ1 + 1 ; ··· ; γs + 1 ; 

  . (13) 

Proof of (11): Denoting the left - hand side of (11) by S, expressing the two Jacobi polynomials of several variables as 

in 

(1) and using certain well-known properties of Pochhammer symbol, we get 
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Since, 

 

the above series yields the right-hand side of (11). This completes the proof of (11). The results (12) and (13) can be 

proved by the similar manner. In view of the following relationship between the Sister Celine’s polynomials of two 

variables fm,n [5] and Jacobi and Laguerre polynomials respectively: 

  ;

  

  − : (α + 1, 1),(−m,1),(m + 1,1) ; (γ + 1 : 1),(−n,1),(n + 1,1) 2 2  

 , (14) 

;  

 ; ,  

 2 2  

 ; (γ + 1 : 1) ,(n + 1,1) 

 ,

 (15) 

 

 ;  

; x, y   

; (−n,1),(n + 1,1),(1 + β, 1) 
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  (16) 

and 

; 

 , (17) 

 ; (n + 1,1),(1 + β, 1) ;  (1 + α)m (1 + β)n 

we get from (11), (12) and (13) respectively the following results : 

 

;  

 ; ,  

 ;  

 ; ,  

  (18) 

; 

; 

  (19) 

 

  ; 

 

 − : (−m,1),(m + 1,1),(α1 + 1, 1) ; 

  ; 

 

 − : (−n,1),(n + 1,1),(β1 + 1, 1) ; 

 − : (α1 + 1, 1),(−m,1),(m + 1,1) ; (α2 + 1 : 1),(−n,1),(n + 1,1) 2 2  

 − : (γ1 + 1, 1),(−n,1),(n + 1,1) ; (γ2 + 1 : 1),(−m,1),(m + 1,1) 2 2  

= 

 

 1 : 1; 1 ; 1 ; 1 λ : 1 + α1 + β1 ; 1 + α2 + β2 ; 1 + γ1 + δ1 ; 1 + γ2 + δ2 ; 

F  

 

 0 : 1; 1 ; 1 ; 1 − : α1 + 1 ; α2 + 1 ; γ1 + 1 ; γ2 + 1 ; 
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 ; 1 + α1, 1 + α2, 1 + β1, 1 + β2; −x1t, −x2t, y1t, y2t] (20) 

Ahmed Ali Atash 

 

;  ; x, y   

 ; (n + 1,1),(β + 1, 1) ; 

 = Ψ2 (λ; α + 1, β + 1; −xt, yt) (21) 

 

  ;  

  − : (α1 + 1, 1),(−m,1),(m + 1,1) ; (α2 + 1 : 1),(−n,1),(n + 1,1) 2 2  

 

 ;  ; 

y1 , y2  

 

; (−m,1),(m + 1,1),(γ2 + 1, 1) ; 

 

 1 : 1 ; 1 ; 0 ; 0 λ : 1 + α1 + β1 ; 1 + α2 + β2 ; − ; − ; 

 = F  

 0 : 1 ; 1 ; 1 ; 1 − : α1 + 1 ; α2 + 1 ; γ1 + 1 ; γ2 + 1 ; 

3. Special Cases 

In (11) putting r = s = 2, x1 = 1 − x, x2 = x + 1, y1 = 1 − y, y2 = y + 1, α1 = α2 = α, β1 = β2 = β, γ1 = γ2 = 

γ, δ1 = δ2 = δ and using the result [6] 

  , (23) 

we get 

 

 2 : 2 ;: 1 + α + β, −β ; 1 + γ 

+ δ, −δ ; 

= F 

 

0 : 3 ; 3 − :  ; 

Similarly, in (11) putting r = s = 3 , x1 = y1 = x, x2 = y2 = y , x3 = y3 = z, α1 = γ1 = α, α2 = γ2 = γ, α3 = γ3 = ε, β1 = δ1 = β, β2 = δ2 = 

δ, β3 = δ3 = ν and using the result (23), we get 
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 2 : 2 ; 2 ;: 1 + α + β , −β ; 1 + γ + δ, −δ

 ; 

= F 

 

0 : 3 ; 3 ; 3 − :  ;  ; 

1 + ε + ν ,−ν ; 

(25) 

  ; 

In (12) putting r = s = 2, x1 = x2 = x, y1 = y2 = y and using the result [6] 

 

; 

 Ψ2 (α; γ, γ0 ; x, x) = 3F3  4x , (26) 

 0 0  γ, γ , γ + γ 

− 1 ; 

we get 

 

 

 ;  ; 1 : 2 ;

 = F− 4xt, 4yt  (27) 

   

 0 : 3 ; 3 − : α1 + 1,α2 + 1,α1 + α2 + 1 ; β1 + 1,β2 + 1,β1 + β2 + 1 ; 

Similarly,in (12) putting r = s = 2, x1 = x, x2 = −x , y1 = y , y2 = −y , α1 = α2 = α, β1 = β2 = β and using the 

result [6] 

  , (28) 

we get 

 

 

2 : 0 ;: − ; − ; = F− x2 , −y2  (29) 

 

 0 : 3 ; 3 − :  ; ; 

In (12) putting r = s = 1, α1 = β1 = α, λ = α + 1 and using the result [6]  

Ψ2 (γ ; γ, γ ; x, y) = ex+y 0F1 (−; γ ; xy), 

we get 

(30) 

 , (31) 

which is well known generating function of Exton [1]. 

In (13) putting (r = 1, s = 1), (r = 2, s = 1) and (r = 1, s = 2), we get respectively the following results: 
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 (32) 

; 1 +  

 

 ; 1 + . (34) 
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