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1. Introduction

Let I € R be an interval with ai,a2 € Iand a1 < az, andletf: I - R be a

convex function. The double inequality

[ a1+ asg f(ﬂl + f (a2)
j( 2 )\azalf fa 2

isknown in the literature as Hermite-Hadamard integral inequality for convex functions. Both
the inequalities hold in the reversed direction if f is concave. In recent years, several
generalizations and extensions have been considered for classical convexity. One of the most
important generalizations of the concept of convex function is that of preinvex function
introduced by Hanson [6]. Ben-Israel and Mond [5] introduced the concepts of invex set and
preinvex function. Weir and Mond [20], Noor [14] and Yang and Li [21] have studied the basic
properties of the preinvex functions. For recent generalizations and extensions of the
preinvex functions, see [2, 3, 7-10, 13,17, 18].

1.1 Preinvexity and Hermite-Hadamard inequalities

Let us recall some definitions and known results concerning invexity and preinvexity.
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Definition 1.1 [21] A set I S R is said to be invex if there exist a function 7 : I3x3—R such

that
ai+ un (azai) €3, Vai,a2 €3, u € [0,1].

The invex set J is also called a n-connected set.

Definition 1.2 [20] Let f be a function on the invex set J. Then, fis said to be preinvex with

respect to n, if f (a1 + un (aza1)) < (1 - p)f (a1) + uf (az), Vay,az €3, u € [0,1].

It is to be noted that every convex function is preinvex with respect to the map n (az,a1) =
az - ai, but the converse is not true, see for example [20, 22].

To prove some results in this paper, we need the well-known Condition C introduced by
Mohan and Neogy in [11].

Condition C Let 3SR”be an open invex subset with respect to n : 3xJ—R.

We say that the bifunction 7 satisfies the Condition C if for any ai,a2 €3 and u € [0,1],

n (avai+un (aza1)) = -un (aza1),

n (az,a1+ un (azai)) = (1 - wWn (aza1).
Note that for every ai,az €3 and u € [0,1] and from condition C, we have n (a1 + pzn

(az,a1),a1+ pan (azai1)) = (u2 - u1)n (aza1).

In [12] Noor has obtained the following Hermite-Hadamard inequalities for the preinvex
functions.

Theorem 1.3 Let f: T3 = [a1 + n (az,a1)] = (0,%0) be a preinvex function on the interval of real

numbers 3 ° and ai,az € J ° with a1 < n (azai). Then the following inequality holds:

201 + (a2 a1) 1 fedilea) o f(a) + f (a2)
f( 9 ) < ??(az,al)/ (f(x))dx < —

ai

Definition 1.4 [15] A nonnegative function f: J € [0,00) = R is said to be s-preinvex with
respect to 7 for some fixed s € (0,1], if

flai+pn (aza1)) < (1 - p)f (a1) + pf (a2)
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forall ay,a2 €S, u € [0,1].

Definition 1.5 [16] A function f: J— (0,00) is said to be multiplicatively (or logarithmically)
s-preinvex for s € (0,1)with respect to n, if f (a1 + un (aza1)) < [f (a1)]@-#s [f (az)]*, ai,a2 €S,

ue[o1]

From the above definition, we have

Inf (a1 + un (aza1)) < In{[f (a))]0~+#s» [f (a2) ]}

= In[f (a1)]-® + In[f (az)]»

= (1 - wInf(a1) + pelnf (az).

1.2 Multiplicative calculus

vUoop o dx
Recall that the notion of multiplicative integral is denoted by f‘u- (f (x)) while the ordinary

integral is denoted byfaj (f (=) dm‘This comes from the fact that the sum of the terms of

product is used in the definition of a classical Riemann integral of f on [u,v], the product of

terms raised to certain powers is used in the definition of multiplicative integral of fon [u,v].
There is the following relation between Riemann integral and multiplicative integral [4].

Proposition 1.6 If fis Riemann integrable on [u,v], then fis multiplicative integrable on [u,v]
and

< U

n [4], Bashirov et al. show that multiplicative integral has the following results:

Proposition 1.7 If f is positive and Riemann integrable on [uv], then f is multiplicative
integrable on [u,v] and

(O [ (@™ = 7 (f (@)‘“)T

2) [V (f () g @)™ = [T (fF @)™ 2 (g(x)™,

. U dx _ .I',:‘(f(ﬂ"))dx

0 17 (38)" - Fi

@) L2 @N™ = [ (@)™ [P (f @)™, u<w<w
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2. Main results

In this section we establish some Hermite-Hadamard type inequalities for multiplicatively s-
preinvex functions. We also obtain integral inequalities of HermiteHadamard type for
product and quotient of preinvex and multiplicatively spreinvex functions.

Theorem 2.1 Let 3SR be an open invex subset with respect to n : 3x3—R and ai,az € I3 with
ai < a1+ 1 (aza1). If fis a positive and multiplicatively s-preinvex function on the interval [a1,a1

+ 1) (az,a1)] and n satisfies Condition C, then

1

2a1 + 1 (as, a 2= ar+1(az,1) MR
(Ptnleal) T ( / (f @)

< [f(al)f(a2)]1/(s+1). (1)

Proof Since fis a multiplicatively s-preinvex function, we have for every u,v € [a1, a1+ 1 (az,a1)]

1
with # = 2

! (Q%NU -/ ( " %) < @) ()t

Now letu = a1+ (1 - u)n (aza1) and v = a1 + un (azazi). From Condition C, we have

f (al (1= ) (az,a1) + n (a1 + pn(az,a1),a1 + (1 — p)n (612,(11)))

2

(2p — 1) n (a2, ay)
s )

=f (al + (1 —p)n(az,ar) +

g (P niena)

< (flar+un (aza1)))V* (f(ar+ (1 - @)y (az,a1))) /.

Taking logarithms of both sides of the above inequality leads to
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i (Z ) < (07 o o) o 0= g ) )

= %ln (f (a1 + pn (az2,a1))) + % In(f (a1 + (1 — p)n(as, (11)))1/25.

Integrating the above inequality with respect to p on [0,1], we have

ln_f (2&1 + r]z(ag,al))

1
< 25

1 1 a1 +n(az,a1) 1 a,
= 9 [m / In(f(2))dz — m/ In(f (m))dm}

1+n(az.ar)

1 -1
/ In (F (@1 + g (a2, 2) d + o j I (f (a1 + (1 — 1) 7 (B, ) dy
0 0

1 1 /arh?(az,a.l)l : 1 fa1+r](az,al)l J
= = |— n x))der + ——— n T T
2% | n(az,a1) Ja, (f (=) n(az,a1) Ja, (f (=)

1 1 a1 +n(as,ar)
= — —)/ In(f(x))dx,

251" n(ag,m

which implies that

) ay+n(as,aq)
yom1 lnf(2al +1 (az..a])) <1 / In (f (z)) da-.

2 n(az,a1) Jq,

Thus, we have

gs—1

f(gaﬁn(ag,al)y < (T Lo n(s ()

nlag,a1)
2

a1 +n(az,ar) . FererTy)
-/ (F @)
a,

Hence, we obtain

P (2(1] + 1 (a2, 0,1))25_1

/AN

2

a1-+7(az,ar) " fexy
[ (F @)™

which completes the proof of the left hand side of (1). Now consider the right hand side of

(1.
(/m-i"f?(azﬂ-l) (f (T))dl) n(ag,ay) _ (e(f:ﬁh)(ﬂz‘(u) ln(_f(:r!))d:):)) nlag,a1)
ajy

Stz n(f(2))de)

(2)

= Pm(
— (gf()l ln(f(al"!‘l.ﬂ](az\a,)))d.ﬂ
<GJ‘U‘1.1((;"((1,1))(17“)“(f(m))m)(m

= <[01((1-p)y Inflar)+p Inflaz))dp
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=e( 1 20 )
In(fla)fla)) ps=[f
(al)f(a2)]1/(s+1).

Hence, we get the inequality

ay+nlaz,ay) W]m )
(/ ’ (f(ac))d“f) < If (@) f (ag)) /D

Jay

(3)

Combining (2) and (3) gives the desired result. ]

Remark 2.2 If we choose s = 1, then Theorem 2.1 reduces to Theorem 3.1 in
[18].

Remark 2.3 If we choose 1 (az,a1) =b - a and s = 1, then Theorem 2.1 reduces to Theorem 5

in [1].

Theorem 2.4 Let 3SR be an open invex subset with respect to n : 3x3—-R and ai,a2 €3 with a1
< a1+n (aza1). If fand g are positive and multiplicatively s-preinvex functions on the interval
[ai,a1+ 1 (az,a1)] and n satisfies Condition

C, then

9s—1

[,f (Qal - nQ(az,al)) ; (204 + -ng(a-z,al))r

ray +n(as,a;) d a1 +n(asz,ar) P n(uzl.--l)
/ (e [ (g (@)™
< o

aj

< [(f (a1)f (a2)).(g (a1)g (az))]/C+1). (4)

Proof Since f and g are positive and multiplicatively s-preinvex functions and 7 satisfies
Condition C, we have

In (f (2a1 + 7?(@2191)) . (26-1 - 77(02:@-1}))
2 ’ 2
n (f (2(11 + ng(az,m))) tIn (g (2@1 + ?72(612,(11)))
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< In((f (a1 + un (aza1)))¥%.(f (a1 + (1 - wn (az,a1)))/%)

+1n (g (a1 + (a2, a))"*" (g (a1 + (1= ) n (a2, a0))) /)
= 5 I (f (@ g az,00) + I (f (a1 + (1= ) 1 (a,0))

1
+oz (g (a1 + um (a2, 1)) +1n (g (a1 + (1 = p)n (a2, a1)))]-
Integrating the above inequality with respect to ¢ on [0,1], we have

In (f (2a1 + 772(321a1)) g (2a1 + nz(a-g,a1)>)
]1
<Jo

1
+/0 [% In(g (a1 + pn (az,a1))) + % In(g(ay+ (1 —p)n (az,al)))] du

1 1 cay+n(az,aq) 1 “ay
~ 9s [m jal In(f(z))de — m/ In (f (:I:))d.’::]

S 0 an  az 0)) + 10 F an + (1= )0 oz, 0)]

ay+n(az,a1)
|7 me@mH( () d 1 In (g (x))d
4= | — ngl(z xr— —-7 nig(x X
2s n (a'Qa (11) a1 n (G’Q‘» (11) a1+n(az.a:)

1 1 /’11+71(f’-2s'1- 1) 1 d 1 /a|+‘rj(rzg,m) 1 q
n r))dr + ——— n(g(x))de
25=1 I (az,a1) J,, (f (=) n(az, a1) (g9 (x))
which implies that
23—1 ln (f (2&1 + n2(a‘2_~al)) g (2(11 -+ 7}2(0,21(11)))

1 a1 +n(az,a 1) 1 a1+n(az,a;)
—7} (a2.a1) / In(f(z))de+ ——— T (azar) / In (g (x)) da
< ) ay , a

ay

s

Thus, we have

2a1 + n (a2, ay) 2a1 + 1 (az, a1) 91
f 5 q g

6’( f(ﬂ,ﬂ ) fﬂl+n(az a])h'(f( ))da+ P P— f:ll+n 2 cll)ln( (I))d:r)

//\

1
e(l’”*”‘“? 0 In(f(2))dw+ 272 In(g(w))da ) T2 D

(erlﬁ-i( 2,0 l)ln{f(:t))d:r J(' 1tn(ag,a 1)l]](g( ))dr) —r(nz.a|)

1

a1 +n(as al) J rar+n(az,a.) J n(ag,a1)
T |z
[ v (9(2)
a

1
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Hence, we attain

(2a1 + n (a2, ay) 2a1 + 1 (az,ay) S
/ g
2 2
a;+n(az,a,) 4 a;+nlas,a;) d ’t(f'zl-"l)
/ (e [ (g ()™
a ay

Consider the second inequality in (4):

a1 +n(az,a;) i ay+n(asz,a,) o m
/ (f (@) / (9 ()%

1
(Jr:f +n(ag,a1) lIl(f(:I'))d:E%»f’:l_l] +n(ag,a1) lll(g(:l:))d.’l') n(ag,ay)

<

(5)

=e

_ ((3’7(&2,&1)(f01 1n(f(a1+m;(a2:al)))du+ﬁj In(g(a1+pn(asz ,al)))d‘u)) 7“(“.21‘01)

_ (qul In(f(ay+pun(az.a)))dp+ [ In(glay+pn(az,a)))dp

e (@) (@) gt [ (o))" (o)) Y

= [0 ((1-p) Inflal1p)+sdpp Infla2))du+[011((1-p) Ing(al)+psIng(a2)) du

= eln(f{a1)f(a2))'0  +In(g(a1)g(az))l0 rsdx

= [(f (a1)f (@2)).(g (a1)g (a2))]VE,

Hence, we have

1

ay+n(az,ar) J ar+n(az,a:) J n(ag,ay)
- T Hid
/ (ran®. [ (9 (@)
ay ay

< [(f(a1)f (a2)).(g (a1)g (az))]/C+). (6)

From the inequalities (5) and (6), we get the inequality (4). [ ]
Remark 2.5 If we choose s = 1, then Theorem 2.4 reduces to Theorem 3.2 in
[18].

Remark 2.6 If we choose 1 (aza1) =b - a and s = 1, then Theorem 2.4 reduces to Theorem 7

in [1].

Theorem 2.7 Let 3CR be an open invex subset with respect to n : 3x3—R and a1,a2 €3 with a1
< a1 +n (aza1). If f and g are positive and multiplicatively s-preinvex functions on the interval

[a1,a1+ n (az,a1)] and n satisfies Condition C, then
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s—1 1

2a, Ag,a, 2 ; 1
{f (“”é”)] < (ﬁi*”("”'a” (f (wndT)

g (2trfencs) [ (g (2)

1

Sla1) f (uz)] =

g (a1) g (az)

<

(7)

Proof Since f and g are positive and multiplicatively s-preinvex functions and n satisfies
Condition C, we can write

1 f (2a1+7;2(a2,a1))

n
(2a1+n(az,a1))
9 2

n (f (20,1 +n2(a2,a1)) Ly (2a1 +?72(a2,a1)>>

< In((f(a1+ pn (az,a1)))/%.(f (a1 + (1 - p)n (ay,az))) /%)

—In ((9 (a1 + pun (az,a))"*" (g (a1 + (1 — p) 7 (ala@)))l/zs)

= 22 I (f (g az,00) + T (F (a1 + (1= ) (0, 2)))

*% In (g (a1 + pn (az,a1))) +1In (g (a1 + (1 — p) n (a1, a2)))]

Integrating the above inequality with respect to ¢ on [0,1], we have

f (2a|+7]2(a2,a.))

2a1+n(az2,a1)
g (2o

| 3 I @+ az,an)) + I (F (o + (1= 0 Cor.02))] d

In

<
1
- [ 3t @+ az,a0)) + 1o (a1 + (1= ) (ar.2)] dy

1 1 a1+n(az,a1) 1 ay
= — ['-’If( / In(f(z))dx+ I / In(f(x)) d:f:]

(12..(11) Jay a1+n(az,a;)

1 1 ay+n(az,a,) | ; 1 a, | ;
—— | r))de + ——— x))dx
/ n(g(z))dx 71(012,(11).[ n(g(x))da

a, ay+n(az,a;)

1 1 rart+n(az,a) 1 a1 +n(az,ar)
~ 9s—1 / In (f (z))dz — f In (g (x))dx

@y n (UQ: (],1) a
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which is equivalent to

25" !n f (Q(II-HIT(GZGI))

g (2a1+n£a2,a1))

1 ay+n{az,a1) 1 a14n(az,a1)
T | (s @)ds s | In (g (@) do.
< ) ax a

n (CLQ, ay
Thus, we have

2ay1az) !
a1+n(az,a
f( 1 2 l)

(2a1+n(ag L) )

6’( n(ag,a1) J('llJr ez In(f(z))dz—

//\

iy S In(g(a)dr )

(ef pne D in(f (@))da— o3 Friezen) "‘(g(z)m) =

1
f““'"mz ) In(f(2))da \ #laz.a1)
J(‘ﬂl+ n(az,a1) In(g(x))da

( ul+7f,l az,a1)

u|+'q(a2 al) " '

Hence,

2a1+n(az,a;1) 2!
fl=—" _ (
2a, +n(az,a1) =

g ()

Now, consider the second inequality in (7):

(J;1+T](ag ay) (f( ))dx) m
S e (g (@)™

—1
otz in(f(@))da\ Wz
= EL:¢11+1,((z2.tz1) ln(g(x))d:r

1
. (€£;n11+'!(02p“| ) ln(f(:r,))da:ff:ll+"("2’"" ) ]n(g(l’))d:t‘) nlag,a1)

fa“:*”(“”““ (f (a ))dﬂ’) oz D)

a1+n(az,a;) dx
[T (g ) o

= ((i(fol 1ﬂ(f(al+#’?(“2:ai)))d#*fol1n(g(a1+#n(a2,a1)))du)) e
_ eful ]n(f(a,+,un((12,r1.1)))d,u—ful In(g(a;+pn(asz,ai)))du

<edo (@)= ((a2))" )dpa— [ n((g(ar)) ™" (g(a2))"" )dp
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_ (,J“Ul((l—,u)“ In f(ay)+p® lnf(ug))(i;z.—ﬁ,l((l—y.)” Ing(a,)+u° Ing(az))du

(S (an)f( az))J6 # i _In(g(ar)g(az))ld ¥ e

{ ﬂz)]q“'

Consequently,

(ﬁi‘;*’""“”“” (f (w))‘“‘) = [Llans e

fcillﬁrv?(az-an) (g (x))dr g(a1) g (asz) ©

By using the inequalities (8) and (9), we get the inequality (7) which is the required result.
[

Remark 2.8 If we choose s = 1, then Theorem 2.7 reduces to Theorem 3.3 in
[18].

Remark 2.9 If we choose 1 (az,a1) =b - a and s = 1, then Theorem 2.7 reduces to Theorem 9
in [1].
Theorem 2.10 Let ISR be an open invex subset with respect to n : 3x3—R and ai,az €T with

a1 < a1+ (az,a1). Let f and g be preinvex and multiplicatively s-preinvex positive functions,

respectively, on the interval [ai1,a1+ 1 (az,a1)]. Then, we have

f(il+71(az al)(f( )) laz.a1)
f;l|+7,r(r12.a.|) (Q (T))dx

((f((i-z))”"2)) f(uz)if(u-l)
fla
< (f(ar))? v

" e (g (ar) g (a) D

1
(JJ’:*”(‘“ “(f ()" ) R
Jme=m) (g ()
) In(f (@) da \ Tz
- (e.f:‘; e n(g(a))da )

1
( Stz ) In(f()de— [21576220) In(g(2))da ) o

Proof Note that,

_ ef()] ln(f(al+,urj(a2,al)))duf_ﬁ)] In(g(ai+pn(asz,ar)))du
o @) 45 @2) =0 3 ((0(02) " gl Yl

1
flagnFlaz) \ T@zI—T(a1) 1sg,
ln((W) ~1-In(g(a1)g(az))fo »" %

=e
_ (f(al))‘f(ﬂl) )
e. (g (a1) g (a))"/<Y

So, the proof is completed. u
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Remark 2.11 If we choose s = 1, then Theorem 2.10 reduces to Theorem 3.4 in
[18].

Remark 2.12 If we choose 1 (az,a1) = b-a and s = 1, then Theorem 2.10 reduces to Theorem
11in [1].
Theorem 2.13 Let ISR be an open invex subset with respect to n : 3x3—R and ai,az €3 with

ai < a1+ 1 (azai1). Let f and g be multiplicatively s-preinvex and preinvex positive functions,

respectively, on the interval [ai,a1+ 1 (az,a1)]. Then, we have

(.ffil*”(“”” (s ())d) L ef @) f @)D

Jotntazen) (g (g))de ((g(az)ww ) T
‘ (g(ar))”V

Proof Note that

a1+n(az,a1) _yydx
.[;1,1 (g ('I’))
1
F_fu“l] Fmlezen) | (f(x))da \ 2lez.a1)
B ef:ll +mnlaz,a1) In(g(x))dx

1
ray+n(ag,ay) _ rap+nlag,ay) Tag.al)
_ (S‘j“l In(f(x))dz Lﬂ ln(g(r))dw) 1(az,aq)

_ (if”] lIl(f((l-1+,lL'Tj((Ig.(I|)))d,u.—ful In(g(a,+un(az,a)))du

<edo (@) (S @) )du— [ n(g(ar)+ulg(az)—g(a1)))du

1
SIS a,ya(an) \ Flag)—glar)
In(f(ar). f(az)) 3+ ‘1‘1((%) o l)H

=€

_e(f (@) f (ag))"/ Y

(_(;(r},l))”("l)

Remark 2.14 If we choose s = 1, then Theorem 2.13 reduces to Theorem 3.5 in
[18].

Remark 2.15 If we choose 1 (aza1) = b-a and s = 1, then Theorem 2.13 reduces to Theorem
12 in [1].

Theorem 2.16 Let SCR be an open invex subset with respect to n : 3xJ3—R and ai,az €T with
ai < a1+n (azai). Let f and g be preinvex and multiplicatively s-preinvex positive functions,

respectively, on the interval [ai,a1+ 1 (az,a1)]. Then, we have

a1+n(az,a;) . ay+n(az,a,) dn n("zluq)
f (f (@)™ ] (9 ()
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( f(az]) P —
(f(a2)) flaz)-f(aq) 1 1
(I:(Zlnf(“ll ’ ' . (g (al) g (aZ)) /1)

< e

Proof Note that

a1+n(az,a;) P a1+n(az,a;r) 2 w(uzlmn
T :s
[ (e [ (9 (@)
< o a

1
ay+nlag,ay) ay+nlag.ay)
_ (effnl 1laz,21 ln(f(:n:))cix-{-‘,“"_l1 (AN ln(g(r))dm) nlag,a1)

— (67;'(512@1)(1‘(,1 ln(f(al-Q—,un(az‘al)))d,u+‘,"“1 111(01—0—,111](&2,(11))5[#)) n(az,aq)
— oo n(f(ar+pn(az,a1))dp+ [ n(g(as+pn(az.a.)))dp

<ngn‘ In(f{a)+p(f(az)—f(ar)))dp— [, ln((_r)(a,))(l—ﬂ)-“(g(az))“ﬁ )d;a

1
aony S (a2) \ Tlazi—Tlan) 1,5
1“((732“33;@?:) S )‘lﬂn(g(a])g(ae))ﬁ-“ o
= e

1
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Consequently,

1

ay+nlas,a) i ray+1(asz,a;) d n(agz,a)
/ . (9 (@)™
a @y

1
2))7 2\ Tl —7(an) 1/(s+1
(Heg=) (g (@) g (a)) D
< e
This completes the proof. |

Remark 2.17 If we choose s = 1, then Theorem 2.16 reduces to Theorem 3.6 in
[18].

Remark 2.18 If we choose 1 (aza1) = b-a and s = 1, then Theorem 2.16 reduces to Theorem

13 in [1].

3. Conclusion

This study establishes Hermite-Hadamard type integral inequalities for multiplicatively s-preinvex
and preinvex functions in the context of multiplicative calculus. Multiplicative calculus is used to
obtain several Hermite-Hadamard type integral inequalities for the product and quotient of
multiplicatively s-preinvex and preinvex functions. It has shown that our findings may be used as
special instances to achieve previously known results. It is anticipated that this article's concept
would draw in readers.
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