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Abstract
[10] developed the weighted exponential distribution by expanding on the concept of [2], which included

using an exponential model with a form parameter. In order to create the beta weighted exponential
distribution, which is based on the logit of beta function [12], we used two shape factors to modify the
current weighted exponential distribution. The new distribution's statistical features were investigated. The
R software code was used to estimate the parameters using the maximum likelihood estimation approach.
We then compared the novel distribution's features to those of well-known distributions using a data set
that included the survival times of guinea pigs injected with varying amounts of tubercle bacilli. Based on

our analysis, the new distribution is far more adaptable and flexible.

1 Introduction

It is not novel to include form parameter(s) into an exponential model, and there are
several approaches to do so. Many studies have relied on the method first proposed by [12],
which makes use of the logit of the beta distribution. Similarly to how [14] used the logit of
the Beta distribution, it extended the exponential distribution. In order to provide an
alternative to the exponential and Weibull distributions, [9] explored the generalised
exponential distribution.

[2] initiated a method of obtaining weighted distributions from independently

identically distributed (i.i.d.) random variables Y1 and Y2 based on the expression

= ——T1—fr(W)Frlay), o > 0 (1.1)
fo/] P(aX1>X2)
where f(y) and F(y) were the pdfand cdf of Y respectively and a was an unknown

parameter. [10] slightly modified Azzalini’s approach to obtain the

Weighted Exponential (WE) distribution defined as

Sfily) = —+—fiy)Fr (aBy), @, B > 0 (1.2)

P(aPF1>Fz)
where a and 8 were unknown parameters.
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2 Material and Method

2.1 The Beta Weighted exponential (BWE) Distribution

2.2 The Probability Density Function (pdf) of BWE
Distribution

We upgraded the model by [10] using the logit of beta link function method of [12] that

has been used extensively in literature. [8] investigated on beta Weibull distribution, [1]

proposed the beta pareto distribution, [4] studied some statistical properties of

exponentiated weighted Weibull distribution, [3] also analyzed life length of components

estimates with beta-weighted Weibull distribution among others; they all used the

method of logit of beta link function in their work. The link function is given as

g@) = E;[F&)]“-I[l - FOI)I" ), a b > 0 (2.2.1)
where
o) = A% exp(=2Ay) (1 - exp(-ady)]
Fry) = [+ DA - eXP(—Ay]; exp(-Av(1 +a)) - 1]
where,

oA and y >0 are shape and scale parameter; f(yJand F(y) are pdf and cdf
respectively of parent distribution, i.e. weighed exponential distribution
We substitute the pdf f(y) and cdf F(y) in (2.2.1) to obtain the pdf of beta weighted

exponential probability density function as

1 [[(1 +a)(1 - exp(-Ay) + exp(-Ay(1 + a)) — 1] at
BWE B(a, b) a 1

[(1 + a)(1 - exp(-2y)) + exp(~Ay(1 + a)) - 1] *
[1- 7

(24

A1 +a) exp(-Ay) (1 - exp(—)tay))]

L a

a b ay =~ BWE(a,A a by > 0) (2.2.2)

where a was shape parameter, A was scale parameter, a and b were additional

shape parameters. Expression (2.2.2) is the pdf of the proposed BWE distribution.

We set
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[(A+a)(1 -exp(-Ay)) + exp(-Ay(1 +a)) - 1]
a

W) =FQy) =

to obtain

aw _ aﬂ(lﬂz)[exp(—)\ ](l—exp(—u)\y)]l- a(l+a)(1—eXp[—/ly))"'eXP(‘/ly(l+a))‘1][ (2 2 3)
dy a ‘ a t -

Then expression (2.2.2) becomes

SBVE (y) = Eib—)[W()/]]"‘l[l - W) 1dw(y) (2.2.4)

Figure 1 to 5 below show the PDF of BWE at values 0ofa=100,50,20,10,5; b=6,5,3,2.5,2
; A=1.5; and o =2

The PDF of BWE witha = 100, b=6,c = 15and ¢ =2 The PDF of BWE with a = 50, b=5,c =15 and d= 2
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Fig 1. Plot of PDF of BWE at (a,b) = (100,6) Fig 2. Plot of PDF of BWE at (a,b) =
(50,5)

The POF of BWE with a =20, b=25,c = 15 and d =2 The PDF of BWE with a =10, b=3, c = 1.5and d =2
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Fig 3. Plot of PDF of BWE at (a,b) = (20,3) Fig 4. Plot of PDF of BWE at (a,b) = (10,2.5)

The PDF of BWE with a=5,b=2,c = 1.5and d = 2

Botapdr
10 5

Fig 5 Plot of PDF of BWE at (a,b) = (5,2)
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2.3 Cumulative Distribution Function (CDF)

The cumulative distribution function (cdf) of the Beta Weighted Exponential variable Y,

derived from the pdf defined in equation (2.2.4) is given as

Fpwe(y) =ff)’fBWE(t) = ;f;[W(t)]“[l - W(Q)Jr-1dw(t) (2.3.1)
B(a,b)
Hence,
Fawe (v) = 222 (2.3.2)

This is an Incomplete Beta function

Figures 6 and 7 show graphs of cumulative distribution function of the typical Beta

weighted exponential distribution for some values of the parameters.

Figures 6 and 7 below are the graph of CDF of BWE Distribution at different values
[a=2,b=3,c=a=4andd =A=2;a=10,b=6c=a=2andd =1 =1]

The CDF of BWED when a=2, b=3,c=4d=2
The CDF of BWED when a=10, b=6,c=2,d=1

cdf
cdf

08

04

2.4 Survival Rate Function

The survival rate function of a random Beta weighted exponential variable Y with

cumulative distribution function F(y) is given by

Sswe(y) = 1 - Fewe(y) (24.1)

From equation (2.3.2), the survival rate function is obtained as
s (y) _ Bl(a,b)-B(y;a,b) 242
BWE - B(a,b) '( s )
Figure 8 below is a graph of an example of the survival rate function based on the Beta

weighted exponential distribution
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2.5 Hazard Rate Function
The hazard rate function of a random Beta weighted exponential variable Y is given as

_ _fBwrEy)
Bwe ) = L Fewely) (2.5.1)

Substituting from equations (6) and (8), the hazard rate function simplifies as

W)~ 1-w)IP~law(y)
B(a,b)-B(y;a,b)

Hpwe(y) =

(2.5.2)

where w(y) is as given in equation (2.2.3)
Figures 8 and 9 are the plots of the survival rate and Hazard Rate Function of BWE

Distribution

The Survival Rate of BNED The Hazard Rate of BWED

250

Fig. 8 The Survival Rate Function of BWE Distribution Fig. 9 Hazard Rate Function
of BWE Distribution

2.6 The Asymptotic Behaviour

The limits of the PDF are values of expression (2.2.2) asy — o0 and y — 0; it is easy to
show that the limits of the probability density function (PDF), fswe(y), of the Beta
weighted exponential variable y are given as limy-q fawe(y) = 0 and limy—o fswe(y) = 0.

This confirms that the Beta weighted exponential distribution has mode(s).

2.7 Special Sub-models

Expression (2.2.2) is important as a generalized model whose sub-models coincide with
some extant distributions that correspond respectively to special values of the

parameters. Some of the sub-models include the following

i When, in eq. (2.2.2),a=b=1and a=af (a=0,10rf =1), the Beta weighted

distribution becomes the weighted Weibull distribution [13]
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ii. Putting a = 1in (2.2.2), the generalized models give Lehmann type II exponential
weighted distribution

iii. Setting b = 1in expression (2.2.2) reduces the generalized distribution to the
exponentiated exponential weighted distribution

Also a = b = Ireduces the generalized distribution to the parent distribution
(weighted exponential) distribution.

3  Moments and Generating Function (mgf)

We derived the moment generating function of our generalized Beta Weighted
Exponential (BWE) distribution from the works of [11] which was also used in [3] to
obtain the moment generating function (MGF) of beta generated distributions. The
MGF M(t) = E(ev) was given as

M =1 3° -1

Blab) =0 i
Substituting pdff{y) and cdf F(y) as defined below
_ M1+ ) [exp(-2y) (1 - exp(-ady)]

1) F° eo[Fpjet-n-1fpy)dy 3.1)

JO) -
piy) = L+ 90 - exp(—?tyi) + exp(-y(1 + )]
into the MGF M(t) in equation (3.1) gave
0 b-1 °

1
Mpswe(t) =m)2(—1)" ( ; 1 [ ey
" =0 —%

a(i+1)-1

[ff1+a){1 —exp(-Ay)+exp(-Av(1+a))]
a

[?n(l+a)[exp(*/1y)(1*exp(*a/ly]]] d_y (32)

a

[13] gave the rt" noncentral moment of the class of Weighted Weibull distribution
WW(a. B; A) as

W =E() = (1+apren) (1 - (1+af) T (33)
wWwr aB B

which, for g = 1, like in the case on hand, reduces to

W =E(Y) =2 (1+aT(r+ D1~ (1+a)+] (3.4)
wwr a

The rt" noncentral moment of the Beta Weighted Weibull distribution would be given as
0

nulBWE(r] =y fewe(y)dy
0

ie.

, w0 1
Howee =SV g w11 - wh PP awg)y
0 B a, b
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where
W) = [n[l_c@]]f[c[y]]n_u, c(y)=e™, 5=(1+a)
Then,
’ _ rnr(r+1)(1_nr+1) 0 . i b -1
‘uBWE(r] - aB(a,b) X i=0 (-1) ( i )-
® {5[1 - c(y)] + [c(y)]" - 1} aGi+D)-1
i F = 7 dy}
0
= K[Ar5T(r + 1)(1 - 5m+1)] (3.5)
° OO I a-co) -1 ay
where K= i=0 i 0
aB(a ,b)

We obtained the first four non-central moments ,u’r by putting r=1,2,3and 4

respectively in eq. 3.5; e.g. ,ull is given as
AsT2)(1-52) b-1

= E =[——]/2(-1)
Uz Bwe(Y) = [ @Bla, b) ][. g Ji( i ]
i=
Also, central moments u, r=1,2,3,4, ... ... are related to noncentral moments ,u,ras
ro 5 / /
u =X /
r j=0 (]) Ur—j 1y, where u; =y and uo = 1 (3.6)

Consequently, the mean and 2"9, 3, and 4t moments of the BWE distribution are given

as
H = Uy
Mz = pp — 2
s =pu —3up +2p3 and
3 2
e =p —4up +6p2u -3ut
4 3 2

where,

'y = K[A5(1 - 52)] (3.7)
= K[A25T(3)(1 - 53)] = 2K[A25(1 - 53)]  (3.8)
W= K[A35T(4)(1 - 54)] = 6K[A35(1 - 54)]  (3.9)
4= K[A*5T(5)(1 - 55)] = 24K[A+5(1 - 55)] (3.10)

Moments measures of Skewness, y: and of excess kurtosis, y2, are respectively given as

M3
Y1 = — (3.11)
g
Yz =4t -3 (3.12)
H2

Figure 10 below shows plot of Skewness-kurtosis of Survival Time of Guinea Pig Data set
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Figure 10: Skewness-kurtosis plot (Survival Time of Guinea Pig Data set)
4 Parameter Estimation

4.1 Maximum Likelihood Estimation (MLESs)

The maximum likelihood estimation (MLEs) of the parameter of BWE(a, b, A, «a)
distribution has been derived from the study of [6] involving the log-likelihood function
and from [3] and [4]; setting ¢ = (a, b, ¢, w), where w = (A, a) where w is a vector of

parameters. We had likelihood

Lewe(q) = nlogc - nlog[B(a, b)] + X1 log[f(y; )] + (a ~ 1) Xri—1log [F(v; )] (b -

1) ¥itq log [1 - F(y; )] (4.1.1)
Lewe(¢@) = Const — nlog[B(a, b)] + Y11 log[f(y; ¢)] + (a - 1) ¥:n_;log [F(v; )](b -
1)i=Inlog [1-Fy;p] (4.1.2)

Taking partial derivative of (4.1.2) with respect to (a, b, A, ), we get

ILpwr(e) _ ~nlog(a, b) + (a - 1) 2" Iog [F(v; @] (4.1.3)
OLusle) _ ~nlog(a, b) + (b - 1) Z" 1og [1~ F(v; ] (4.1.4)
ob
Lowe @ = 50 log ) 4 (@ - 1) 5 log () o) S log 1280
oA r=1 6501 Flie) y=1 1-F(yip)
(4.1.5)
owe @ 5 log (5% 4 (a - 1) 50 log (") 4 b - 1) 5 log [#5] (4.16)
oa Y71 ;)] Fi) 1-Fy;)

Equations (4.1.3) to (4.1.6) can be solved using iteration method (Newton Raphson) to

obtain a®, b”, a®, A" the MLE of (a, b, A, @) respectively.
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5 Result and Discussion

5.1 Result of Survival Time of Guinea Pig Data

This study used the data by [10] and studied by [5] on the survival times of guinea pigs

injected with different amount of tubercle bacilli. The data are given below:

12 1522 24 24 32 32 33 34 38 38 43 44 48 52 53 54 54 55 56 57 58 58 59 60 60 60 60 61
62 63 65 65 67 68 70 70 72 73 75 76 76 81 83 84 85 87 91 95 96 98 99 109 110 121 127
129 131 143 146 146 175 175 211 233 258 258 263 297 341 341 376.

Figures 11 - 14 shows Normal Quantile Plot, Density Plot, Histogram and Empirical
Density and Cumulative Distribution plot of the data.

Normal Q-Q Pit

Sample Quanties
200

S 2 1 0 1 2

Teortzal Quanties

density.defaults = y)

T T T T T
0 10 m aw w

N=72 Bandwitth=1656

Fig. 11 Normal quantile of survival times of pigs Fig. 12 Density of survival times of pigs

Histogram of y

30

Freqeroy
20

10

T T
o 100 200 300 400

Fig. 13:. Histogram of survival times of pigs

Mathlogix publications



International Journal of Mathematical Theory and Applications

Vol 2, Issue 1 2026

Cumulative distribution

Bép
Fig. 14 Histogram and Empirical Density of survival times of pigs
Min 1st Q Med Mean 3rd Q Max Skewness Kurtosis
12.00 54.75 70.00 99.82 112.80 376.00 1.7962 5.6144
Table 1: Descriptive Statistics for survival time of Guinea pigs in days.
Estimate, Standard Error in Parentheses and p-value in asterisks
Model a’ »* A7 a’ AIC BIC LogLik
BWE 1.000e+00  9.619e-01 2.127e-02 5.210e-04
(5.318e-04)  (7.038e-02) (1.774e-03)  (5.343e-05) 812.839 8219457 -402.4195
<2e-16 *** <2e-16 *** <2e-16 *** <2e-16 ***
EWE 1.11031 2.12286 8.59040
when b=1 | (5.68100) 1 (1.01403) (2.96594) 834.7892 841.6192 -414.3946
<2e-16 *** <2e-16 ***  0.00378 **
LWE 1.11031 2.12286 8.59040
at a=1 1 (5.68100) (1.01403) (2.96594) 834.7892 841.6192 -414.3946
<2e-16 *** <2e-16 ***  0.00378 **
WE 1.10281 8.73212
When a= 1 1 (1.00401) (2.96672) 846.4306 850.9839 -421.2153
=1 <2e-16 ** 0.01412**

Table 2: MLEs of the model parameters, the corresponding Standard Error and p-value

5.2 Discussion

We estimate parameters of the BWE, EWE, LWE and WE respectively using R

software codes. Table 1 contains the descriptive statistics of the data set. The skewness

value clearly reveals some asymmetry in the empirical distribution while the kurtosis

measures the weight of tails in relation to the normal distribution [7]; the result in the

Table 1 also shows excess of Kkurtosis;

hence, the data calls for a more robust

distribution/model that can accommodate all types of risk function as embedded in BWE

distribution. Figure 10 shows the skewness-kurtosis feature of the data set. However,

Figures 1 - 5 show the plot of the PDF of BWE distribution for different values of the
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parameters; the plots indicate positive and negative skewness i.e. the bathtub shape.
Figures 6 and 7 show the plots of CDF of the BWE distribution at given values of the
parameters and Figures 8 and 9 are plots of survival and hazard rates respectively. The
hazard function is unimodal.

Table 2 above features the estimate of parameters (a%, b”,1", a*) the log-likelihood,

Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC). In a
nutshell, the values of AIC and BIC for the BWE distribution model were smaller than
for other models; on this score, the BWE model provides a better representation of the
Guinea pig data set. The asymptotic covariance matrix of the maximum likelihood
estimates for the BWE distribution, which was generated from the inverse of Fisher’s
information matrix and is given as

2.827714e - 07 -1.020188e - 07 8.075292e - 08  -7.664858e - 06
= l—1.020188€ - 07 4.953495e - 03 -4.946238e - 06 -4.955421e - 06]

8.075292e - 08  -4.946238e - 06 3.145951e - 06  1.704223e - 07

-7.664858e - 06 -4.955421e - 06 1.704223e - 07  2.855199%e - 09

6  Conclusion
The article presented the Beta Weighted Weibull Exponential distribution, a

sub-model of which are various existing models, as a generalised model. Moments,
moment generating function, skewness, kurtosis, and maximum likelihood estimate are
some of the statistical aspects of the suggested distribution that were calculated
analytically. Consequently, the PDF, CDF, survival rate, and hazard rate functions were
generated using the R programming language. The beta weighted exponential (BWE)
distribution has a log-likelihood of -402.4195, while the weighted exponential (WE)
distribution has a log-likelihood of -421.2153. AIC and BIC, the selection criteria, for the
BWE were 812.839 and 821.9457, respectively, while for the WE they were 846.4306
and 850.9839. It follows that BWE distribution is superior than WE distribution in
terms of efficiency. When applied to guinea pig data, the BWE distribution proved to be
more flexible and closely matched the distribution of the data, whereas its natural rivals

failed to do so.
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